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1. INTRODUCTION 
Carlitz [l] proved the formula 
(1.1) 
where C,yx) is the ultraspherical polynomial defined by [2, p. 821 
(1 - 2xt + ty = f C$(x) tn. 
n=o 
For h = 0, (1 .I) evidently reduces to Rainville’s result (8) in [3]. 
In a recent paper [4] we have pointed out that (1.1) can be appropriately 
extended to hold for the generalized Laguerre polynomials in the form 
(1.2) 
which generalizes the known formula (1.4) in [5]. 
The object of the present short paper is to obtain a general formula from 
which the above ones as well as scores of other hitherto scattered results 
discussed, for instance, by Chaudhuri [6] follow by specializing the parameters 
or the variables or both. 
* After completion of the present paper, it was brought to the author’s attention 
that similar results have been obtained independently by David Zeitlin. It seems 
worthwhile to remark here that a choice of xcL, where OL is a free parameter, for M(x) 
sets Zeitlin’s (1.1) in [Amer. Math. Monthly 74 (1967), 1056-10621 as the special 
case h = 0 of our formulas (2.9) and (2.10) and that we hope to give further extensions 
of Zeitlin’s results in a forthcoming paper. 
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2. THE GENERALIZED FORMULA 
Let E(x) denote the exponential function, and let G[z] possess a (convergent 
or divergent) power series expansion 
G[z] = f &z” (gn f 0). (2.1) 
la-0 
Introduce the sequence of polynomials {@(A)(x)} by means of the generating 
relation 
W4 G [f(x) (+)“I = i. & @v?tx) 
so that, on equating coefficients of t”, 
and on giving G[z] the hypergeometric form 
(2.2) 
(2.3) 
(2.4) 
we are led to the polynomial set 
@yx) - (A ;, l)n x”n 
n - ~ ,..., - cn - m + l) , a, ,..., a,; (n - 1) --3 m m m 
. F m-m g (-)??a f(x) --gzirl 
6, ,..., 6,; 1 
(25) 
where 01, h are free parameters, m is a positive integer, andf(x) is a polynomial 
in its argument x. 
Setting t = [f(y)] llrn 2 in (2.2) we get 
-WV(Y)1 1’m z) G [f(x)f(y) ($)m] = z. ;;(f’;;: D>‘(x) zn, (2.6) 
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which, on interchanging x and y, gives us 
From (2.6) and (2.7) it follows that 
and on equating coefficients of zn from both sides we obtain 
or rewriting 
(2.10) 
Here we have expressed the generalized hypergeometric polynomials 
@(A)(x) as a finite sum of @(k)(y). 
3. THE SPECIAL CASE 01 = 0 
In the special case 01 = 0 let us put m = 1 and choose f(x) = - x so 
that (2.9) assumes the form 
@2’(x) = (F)” i (^n T ;) [$ - l]n-h@2)(y) 
k-0 
and (2.10) gives us 
(3.1) 
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Putting x = tan CY, y = tan /I in (3.1) and (3.2) we get 
@:)(tan LX) = (s,” i (^ f “) rinLfn, “‘3” co?-“/@$Qtan /3), 
k=O 
respectively. 
(3.3) 
(3.4) 
Putting x = cot CY, y = tan /3 in (3.2) or changing cy into 4 TT - a! in (3.4) we 
have 
@;)(cot a) = rsfl,” i (” 1 “j (-)+” rcaBlk cosn-“~@~\(tan /I). 
k=O 
(3.5) 
For p = 2~ (3.4) gives us 
(2 cos’ CX)” @>)(tan a) = k$O (” l “) cosnBk 2a@z),(tan Z(Y) (3.6) 
and if we further set cos 201 = f it assumes the form 
Replacing x by xy and y by x in (3.1) we get 
@ll”bY) = k$o (; : 1) Yk(l - 
and (3.2) similarly yields 
@?%Y) = i. (” ; “) Yn-k(l 
For y = 4 the above formula (3.8) reduces to 
(3.8) yyk Q’(x) 
(3.10) 
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Numerous relations of these types can be deduced in this manner by assigning 
different values to x and y. 
In particular, if we set p = 0, 4 = 1, and b, = X + 1, in addition to the 
restrictions already imposed on CL, m andf(x), the polynomial WA)(x) discussed 
in this section reduces to the generalized Laguerre polynomial L(i)(x). Hence 
our earlier formula (1.2) and its numerous special forms become particular 
cases of (3,3), (3.4), (3.6), (3.7), and the result (3.8) above reduces to the 
formula (5) p. 209 of Rainville [7]. Al so when h = 0 the formulas (3.8) and 
(3.10) are equivalent to the results of Example 1, p. 145 in [7]. 
4. THE SPECIAL CASE a = 1 
For 01 = 1, if we set m = 1 and f(x) = - x2, the generalized polynomial 
@A)(X) reduces to xn times the one discussed in the preceding section and 
from (2.9), (2.10), we again arrive at (3.1) and (3.2), respectively. The most 
useful special cases seem to occur when we choose m = 2 andf(x) = x2 - 1. 
From (2.5) we then have 
and (2.9), (2.10) yield 
-2 l n, - t n + 4, a1 ,..., a,; 
l-f 
4 ,..‘, b,; I 
(4.1) 
@$)(,) ,= (!5)~n$o t z ;) [ x(1 - y;lf’y;;i;2 - x2)1’2 I”-” @p(y) 
and 
(4.2) 
&qx) - (: 1 ;;,i” i (” ; “) [ *(l - ‘;I;‘y;$!;2 - x2)1’2 1”@jfk(y), 
k=O 
(4.3) 
respectively. For X = 0, (4.2) and (4.3) correspond to the formulas (2.9) 
and (2.10) of Chaudhuri [6] which, in turn, reduce to results given earlier 
by Rainville [3], Brafman [8], Bloh [9], Carlitz [l], and others quoted in the 
literature, 
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